
VOL. 7, NO. 2, MARCH-APRIL 1984 J. GUIDANCE 167

Estimation Enhancement by Trajectory Modulation
for Homing Missiles

J.L. Speyer,* D.G. Hull,* and C.Y. Tsengt,
University of Texas, Austin, Texas

and
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United States Air Force, Eglin AFB, Florida

For bearing-only measurements used in the guidance of homing missiles, guidance laws based upon the
separation of estimation and guidance do not seem to be adequate. To enhance observability, the trajectory of a
bank-to-turn missile is modulated by minimizing the trace of the Fisher information matrix. The calculations for
constructing this performance index are greatly reduced by noting that the required transition matrix can be
obtained in closed form because, in a relative rectangular coordinate system, the missile-target engagement
dynamics are linear. To show significant improvement in estimation performance, the extended Kalman
estimator is tested along both the enhanced observability trajectory and a proportional navigation trajectory. A
Monte Carlo analysis is performed showing that, even for large initial estimation errors in range, range-rate, and
target acceleration, convergence for the enhanced observability trajectory occurred within the homing period,
whereas no convergence occurred for the proportional navigation path.

Nomenclature
A = acceleration, ft/s2

a, b = constants in power spectral density relation
F,G,T = constants in general dynamics equation
H = matrix of partial derivatives, hx
h — measurement function
ln =nxn identity matrix
Q = process noise power spectral density
R = range, ft
/ = time, s
tr = trace
U,VyW = velocity components, ft/s
U, u = control vector
V = measurement noise power spectral density
v = measurement noise
W = weighting matrix
w = process noise
X,Y,Z = position components, ft
X,x = state vector
z = measurement vector
X = target maneuver reciprocal time constant, s ~ '
<?> = transition matrix
Subscripts

az = azimuth
el = elevation
M = missile
T =target
R = relative

Introduction

W ITH the development of the microprocessor,
sophisticated guidance algorithms are becoming

practical to implement. A great deal of attention has been
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given to guidance algorithms based upon some criterion of
optimal!ty as minimization of time or quadratic forms.1

These guidance algorithms have been based upon the
assumption that the full state space of the missile-target
engagement is available and that filter performance is not
influenced by the guidance law. If bearing-only measurements
are available, the quality of the estimation of the state space
depends upon the intercept trajectory, which is reflected by
the system observability. For example, proportional
navigation attempts to null the line-of-sight rate so that range
and range-rate are not observable. Whereas the deterministic
guidance laws for homing missiles do not include any aspect
of the estimation problem, stochastic controllers (called dual
controllers) explicitly account for filter performance but are
quite complex to mechanize since they usually require the
calculation of some form of the projected error variance.2'3
Our current research objective is to develop a performance
criterion which will reflect relative filter observability and also
be compatible with current homing guidance law develop-
ment.

The derivation of the performance criterion relies heavily
on the formulation of the missile-target engagement scenario.
First, the performance index is based upon the trace of the
Fisher information matrix.4'5 The trace is used because the
integration associated with the information matrix commutes
with the trace operation. Second, it is observed that the
desired transition matrix required for the calculation of the
information matrix is that associated with the dynamics
assumed for the extended Kalman filter (EKF). Since the
missile acceleration is measured with onboard accelerometers,
the filter dynamics, which model the missile-target
engagement, are linear, and the corresponding transition
matrix is determined in closed form. Finally, the weighting
elements used in the information matrix reflect the power
spectral density of the passive sensor. The above three steps
determine a scalar information performance criterion in a
rather simple and elegant form.

In determining the maximum information trajectory, the
information performance criterion is minimized with respect
to the controls of yaw and pitch angle and subject to the
equations of motion of a point mass representing a bank-to-
turn missile. These equations of motion are quite nonlinear
since the missile acceleration is modeled using a lift-drag polar
which is a function of Mach number and angle of attack. Note
that in the determination of the maximum information
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trajectory detailed aerodynamic acceleration modeling is
required, whereas acceleration is a measured input to the
filter. Additional constraints included in the optimization
formulation are the prescribed terminal constraints of zero
miss and in-flight inequality constraints on angle of attack,
normal acceleration, and boresight angle. For an initial aspect
angle and boresight angle, an approximate optimal trajectory
is calculated. The trajectory behavior is found to be somewhat
oscillatory, varying the azimuth and elevation angles
simultaneously.

The performance of the EKF is evaluated on this maximum
information trajectory. The acceleration along the trajectory
is made available to the filter; thus the guidance aspects of the
problem are eliminated. The angle measurements are formed
from the trajectory state and corrupted by additive noise. The
performance of the EKF along the optimal information
trajectory is compared with the performance of the EKF
along a path generated by a proportional navigation guidance
law. Along the maximum information trajectory dramatic
improvement in the estimation of the state space, as measured
by the Euclidean norm of the position, velocity, and ac-
celeration estimation errors, is observed.

Information Performance Criterion
In this section, a scalar performance index representing the

information content of a sequence of measurements is
developed. First the information performance criterion is
defined. Then the explicit form of the transition matrix, the
measurement-function derivatives, and the measurement
noise power spectral density, which reduce the information
performance criterion without any additional approximation
to a rather simple and elegant form, are presented.

Definition of a Scalar Information Performance Criterion
In selecting the performance index for enhancing filter

performance, there are two main considerations. First, the
performance index should represent the information content
of a sequence of measurements. Second, classical op-
timization theory requires that the performance index be a
scalar quantity.

A commonly used measure of accuracy in determining
unknown parameters from a sequence of measurements is the
Fisher information matrix.4 Furthermore, it is shown in Ref.
5 that this matrix is an approximation of the curvature at the
mode of the log-likelihood function associated with the
sequence of measurements.

The Fisher information matrix can be related to the missile
intercept problem through the local observability matrix when
no process noise is considered and the additive measurement
noise is white and Gaussian. This is because the estimation
problem for the missile is represented in Cartesian coordinates
as having linear dynamics and nonlinear measurements. Note
that for this case the inverse of the error covariance of the
linearized filter about a given nominal is the local ob-
servability matrix and also the Fisher information matrix.

The local observability matrix is given by.

Ktpto) = \ 'f * T ( T , t f ) H T ( x ( T ) ) V-1 ( x ( r ) )
• J ' o

XH(x(T))*(T,tf)dT (1)

where x ( r ) represents the nominal path about which all
linearizations are made. Also, ^ ( r , f ) is the inverse of the state
transition matrix associated with the linearized dynamical
equations used in the filter, and H is the partial derivative of
the measurement function with respect to the state which
results in the linearization of the measurement equation. Note
that the transition matrix used in the filter is known in closed
form suggesting an enormous reduction in the calculation of
I ( t f , t 0 ) over that of the general nonlinear problem. Finally, V
is a weighting matrix taken to be the power spectral density of

the measurement noise. It is normally evaluated along the
estimate but is assumed here to be evaluated on the nominal.

In some sense, the size of a matrix can be measured by the
sizes of its eigenvalues—the bigger the eigenvalues, the bigger
the matrix. Two scalar operations on a matrix which relate to
the eigenvalues are the trace and the determinant. The linear
trace operation, which is the sum of the diagonal elements of
the matrix, is also the sum of the eigenvalues. On the other
hand, the nonlinear determinant operation forms the product
of the eigenvalues. While the determinant is probably the
better overall measure of the sizes of the eigenvalues, it
requires much more computer time and storage to im-
plement.6 Furthermore, since only the trace commutes with
the integral, a scalar integrand consistent with the forms of
the performance index in the Bolza problem of the calculus of
variations can be constructed. Hence, only the trace of the
observability matrix is used as the performance criterion.

As will be shown later, the observability matrix is a 9x9
matrix associated with three relative position, three relative
velocity, and three target acceleration estimates. Since the
eigenvalues associated with these groups of estimates may be
of considerably different magnitudes, the observability
matrix is premultiplied by a constant weighting matrix W
before the trace is formed. Then, since the trace and in-
tegration operations commute, the scalar information per-
formance criterion is finally given by

if
lo

(2)
Physical Model Used by the Filter

The physical model assumed for the development of the
filter is expressed in Cartesian inertial coordinates. The
dynamical equations consist of the kinematic equations for
relative position and relative velocity expressed as

Y _ f j JJ _ A A
*R — UR> UR—/{Tx~/iMx

(3)

Since missile acceleration is measured onboard, a model for
target acceleration is required. Although it is preferred to
model target acceleration as a Poisson process with given
acceleration but random jump times, only diffusion processes
can be included in the filter formulation. Therefore, the
Poisson process is approximated by a first-order Gauss-
Markov process with an identical autocorrelation. Hence, the
dynamical equations for the target acceleration are given by

= - \A Ty

(4)

where X is the target maneuver time constant and
w= [WXWYWZ] T denotes zero-mean white noise of power
spectral density Q.

In terms of the 9 x 1 state vector

X= (XR YRZRUR VR WRATxATYAT/ } T

the dynamical equations can be written in the form

X=FX+GU+Tw

77_

0 7? 0

0 0 /?

0 0 -X/?

,G =

0

, r =

(5)

(6)

(7)
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where H is the 2x9 matrix of partial derivatives of h with
respect to the state. The nonzero elements of H are given by

HI2=hIX2=XR/R2
az

f^21 —1*2x11 — ̂ «ZR/(/?e|/?az),

where, as shown in Fig. 1,

•Raz = (XR + YR) ,

122=h2,2 = YRZR/(RilRaz)

(14)

t = (X2
R + Y2

R+Z2
K)K (15)

State Transition Matrix
In addition to the derivatives of the measurement function,

the evaluation of the observability matrix requires the state
transition matrix associated with Eq. (12). Because of the
simplicity of the matrix F, the state transition matrix has been
derived in closed form. The nonzero elements of $>(t,T) are
given as

Fig. 1 Intercept geometry and measurement angles.

Also, the control U= [AMxAMyAMz] T is the 3x1 missile
acceleration vector, w= [wA-wyw z] r is the noise associated
with the target model, and In is an n x n identity matrix.

The measurements are the azimuth and the elevation of the
target relative to the missile (Fig. 1) so that the measurement
equations are given by

z1=tan~1(YR/XR)+vI

or in vector form by

= h(X)+v

(8)

(9)

The quantity z denotes the measurement vector; h is the
nonlinear measurement vector function; and v is a vector
zero-mean white noise process with power spectral density V.
The explicit form assumed for Fis given in Eq. (17).

Linearization about the Normal
Given a nominal path x ( t ) and the corresponding control

u ( t ) , the actual state X and control Ucan be expressed as

X=x+x, (10)

where x and u are the state and control perturbations. If Eqs.
(10) are substituted into Eq. (6), the state equation becomes

x = Fx+Gu + w- (x-Fx-Gu) 00

It is important to recognize that the missile is assumed in-
strumented with accurate accelerometers to measure inertial
forces. By using these acceleration values, the dynamics used
by the onboard filter are linear. However, in calculating the
nominal state, the control variables are aerodynamic angles
on which the accelerations depend in a nonlinear way. In
conclusion, the nominal inertial acceleration ii of the missile
and the zero-mean acceleration of the target cause the term in
parentheses in Eq. (11) to vanish so that the dynamical
equation for the perturbed state remains

x=Fw + Gu+w (12)

The linearization of the measurement equation leads to

z = h(x)+H(x)x+v (13)

- XAf )

[exp( -XAO -/]

*i7 = *28 = *39= ( /A2)[exp(-XAO+XA/-7] (16)

where At = t — r. To obtain the matrix 3>(r,t) needed by the
observability matrix, the identity 3*(r,t) =3>~I (t,r) can be
employed. The nonzero elements of this matrix are given by
Eq . ( 1 6) with A/ replaced by - A/ = r — t.

Power Spectral Density
The 2 x 2 diagonal matrix V represents the power spectral

density of the angle measurement noise. Its elements are
assumed to be

VI1=a/R2
az (17)

where Vn is associated with azimuth and V22 with elevation.
The off-diagonal elements are zero. Normally, V is inversely
related to the range. However, when the elevation approaches
90 deg, it is difficult to measure azimuth accurately. Hence, in
K7/, the range has been replaced by Raz to account for this
effect. The term a/R2

az represents uncertainty in target
position (glint), while the constant b represents a fading-type
noise. The values used here are

a = 0.25 rad2 ft2 s, b = 56.25 x ICT8 rad2 s (18)

Weighting Matrix
The constant 9x9, diagonal weighting matrix W is used to

normalize the terms in the observability matrix due to relative
position, relative velocity, and target acceleration. The values
used here are given by

(19)

Had these weights not been introduced, the target acceleration
terms would have dominated the other terms as explicitly
shown in Eq. (20).

Simplified Form of Information Performance Criterion
If Eq. (2) is combined with the expressions for //, 4>, K, and

W, the following simplified and elegant form of the in-



170 SPEYER, HULL, TSENG, AND LARSON

Table 1 Intercept results

J. GUIDANCE

Trajectory

Maximum
information

Proportional
navigation

Flight time
7>,s

5.84

2.66

Performance
index

16.2

4.94

Miss distance,
V V*R ' R

0.011 0.039

0.026 -0.171

ft
ZR

0.002

-0.218

M I S S I L E : O TflRGET: * M I S S I L E : O Tf lRGET:

20.00 40.00 60.00 80.00
X I N E R T I f l L R X I S ( F T ) *102 100.00

Fig. 2 Maximum-information trajectory, horizontal projection.

20.00 40.00 60.00 80.00 100.00
X I N E R T I f l L f l X I S ( F T ) *102

Fig. 3 Maximum-information trajectory, vertical projection.

formation performance criterion can be obtained:

(20)

Note that the integrand is the product of a term containing
relative position components and a term which contains only /
and tf.

Physical Model Used for Optimization
To complete the formulation of the optimization problem,

it is necessary to discuss the modeling of the missile and the
target, the boundary conditions, and the inequality con-
straints.

Since missile time constants are usually between 0.1 and 0.3
s and since the flight times are considerably larger than the
time constants (see Table 1), the effect of small lags on the
trajectory should be negligible. Hence, the bank-to-turn
missile is modeled as a point mass so that its motion is
governed by a set of nonlinear differential equations. These
equations are the three kinematic equations giving the inertial
position of the missile center of gravity and the three dynamic
equations giving the magnitude and direction of the missile
velocity vector. The Earth is assumed to be flat with a con-
stant acceleration of gravity and a standard atmosphere. The
thrust has a constant magnitude for 2.6 s, and the mass flow
rate is assumed constant so that the mass is a known function
of time. The aerodynamics are typical of a theoretical bank-
to-turn missile and are presented in tabular form as functions
of Mach number and angle of attack. These tables are read by
linear interpolation. Finally, the control variables are chosen
to be the yaw and pitch angles of the body centerline.

The target is assumed to have zero acceleration. Hence, it is
traveling in a straight line at constant speed.

The initial conditions are those for a co-altitude, co-speed
launch with a given range to the target. Also, the target off-
boresight angle is assumed to be zero, and the aspect angle has
been taken to be 30 deg. The prescribed final conditions are
that the final relative positions be zero (zero terminal miss).

Several inequality constraints exist for this model. First, the
angle of attack and the normal acceleration are limited.
Second, in an attempt to model the seeker, the boresight angle
(the angle between the line of sight to the target and the
missile centerline) is limited to 60 deg.

The Optimization Problem
In general, the optimization problem is to maximize the

information performance index subject to a set of differential
constraints (equations of motion) with known initial con-
ditions, a set of prescribed final conditions (zero terminal
miss), and some control variable inequality constraints (on
angle of attack, normal acceleration, and boresight angle). To
simplify the problem, each inequality constraint is converted
into a penalty-type constraint which, in turn, can be reduced
to a differential constraint and an equality final condition.

At this point, the optimal control problem is reformulated
as a nonlinear programming problem. This is accomplished in
two steps. First, the time is normalized with respect to the
final time, making tf a parameter. Second, each control
history is replaced by a set of nodal points and some form of
interpolation. In this study, interpolation has been performed
with cubic splines since a better approximation of the true
optimal control can be achieved with fewer parameters.7 The
initial and final slopes are unknown so they are included as
unknown parameters. In summary, the unknown p
parameters are the final time, the nodal points of each control
history, and the initial and final slopes of each control
history. Once a set of these parameters is given, the dif-
ferential equations can be integrated to obtain the final state
as a function of the parameters. This means that the per-
formance index and the final conditions can be considered as
functions of the unknown parameters.
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MISSILE: O TflRGET: MISSILE: O TflRGET: *

100.00 200.00 300.00 400.00 500.00
X I N E R T I R L R X I S ( F T ) *10'

Fig. 4 Pro-nav trajectory, horizontal projection.

°b oo 100.00 200.00 300.00 400.00 500.00
X INERTIflL flXIS (FT) *10!

Fig. 5 Pro-nav trajectory, vertical projection.

Table 2 Initial state estimate statistics

State estimate
element

XR
IR
til
YR
WR

AT
T

X

AT
Y

Z

Mean

True value
True value
True value
True value
True value
True value

0 ft/s2

0 ft/s2

0 ft/s2

Variance

10ft2

10ft2

10ft2

10ft2/s2

10ft2 /s2

10ft2/s2

2.5 X l O 4

2.5 x lO 4

2.5 x l O 4

ft2 /s4

ft2/s4

ft2/s4

In view of the above discussion, the form of the nonlinear
programming problem considered here is the following: Find
the p vector y of parameters which minimizes the performance
index J=F(y) subject to the m vector of equality constraints
C(y) =0. A maximization problem is converted into a
minimization problem by multiplying the performance index
by a minus sign.

Maximum-Information Trajectory
The particular method which has been chosen to solve the

optimization problem is known as the augmented-Lagrangian
method.8 It is a penalty function method which allows
convergence to be achieved without having to drive the
weights to infinity. The particular code used has been ob-
tained from the Atomic Energy Research Establishment in
Harwell, England. Derivatives needed to perform the op-
timization are computed numerically by central differences.

The co-altitude, co-speed launch occurs at 10,000 ft and 0.9
Mach while the range is 3000 ft. As stated previously, the off-
boresight angle is 0 deg, and the aspect angle is 30 deg. Each
control history has been represented by five parameters: three
nodes and two slopes. The results are summarized in Table 1.
Also presented in Table 1 for comparison are the charac-
teristics of the trajectory using proportional navigation
guidance which is essentially a minimum-time path. It is
discussed in the next section.

The geometry of the maximum-information trajectory is
shown in Figs. 2 and 3. It is seen that this trajectory tries to
vary the azimuth and the elevation simultaneously. Fur-
thermore, the initial part of the trajectory is a transient
maneuver which puts the missile on the desired intercept path.

The value of the performance index is shown in Table 1 along
with that calculated along the pro-nav trajectory. It is in-
teresting to note that the maximum information path requires
almost twice as much flight time as the proportional
navigation path. Obviously the extra time is being used to
modulate the trajectory to improve its information content.

Of all the inequality constraints, only the boresight angle
constraint is ever in effect. Also of concern but not included
as a constraint is the boresight angle rate. Fortunately, the
maximum boresight angle rate encountered along the
maximum information path is around 54 deg/s. This value
can be achieved with current seekers.

Proportional-Navigation Trajectory
The pro-nav trajectory is obtained by the continuous use of

the guidance law obtained from the linear-quadratic for-
mulation discussed in Ref. 9. The state estimates required by
this control law are taken to be the true relative position,
relative velocity, and target acceleration. Also, the time-to-go
required by the gains is computed as range over range-rate
where range and range-rate are obtained from the true relative
position and relative velocity.

This guidance law produces a commanded inertial ac-
celeration which is transformed into the wind or velocity axes.
Since it cannot be controlled, the acceleration component in
the direction of the velocity vector is ignored. At this point, a
perfect autopilot is assumed, and the acceleration component
normal to the velocity vector is used to determine the bank
angle and the angle of attack needed to produce the normal
acceleration. This is accomplished by rolling the missile until
the lift vector is aligned with the commanded normal ac-
celeration vector. Then the angle of attack which makes the
lift divided by the mass equal in magnitude to the normal
acceleration is determined. Finally, the angle of attack and
bank angle are input to the three-degree-of-freedom model of
the missile which, when integrated, yields the motion of the
missile.

The previous results have been obtained for the case where
the process noise in the filter model is zero. Since process
noise is present in the assumed model for the target ac-
celeration, some filter results were obtained for two levels of
process noise, that is, process noise with a power spectral
density of Q=100 ft2/s5 and that with Q= 10,000 ft2/s5.
Also, the results are for the case of better measurements
((T2 = 10-1a /) and ̂  = ̂ +500 ft at / = 0. For Q=100
ft2/s5 the max-info trajectory enables the filter to reduce the
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range error to a level around 100 ft, while the filter diverges
for the pro-nav path. For Q= 10,000 ft2 s5 (Fig. 12), the filter
diverges along the pro-nav path, and after two attempts to
converge, it also diverges along the max-info path. In general,
the filter tracks better along the max-info path than it does
along the pro-nav path.

In the range error and range-rate error results of Figs. 6-12
for the max-info path, there is a rapid decrease in the error in
the neighborhood of t / t f = 0.5. It is speculated that this occurs
because the line-of-sight rate is a maximum near this time (see
Figs. 2 and 3) which enhances the observability of the state
space.

Actually, the commanded inertial acceleration should have
been projected onto the body axes instead of the wind axes.
However, it is assumed that the angle of attack is small so that
wind axes are approximate body axes. For the trajectory
calculated with the above procedures, the angle of attack is
less than 10 deg over the entire path.

The horizontal and vertical projections of the pro-nav
trajectory are shown in Figs. 4 and 5. The terminal portion of
the trajectory has the appearance of a classical intercept path
(straight line). The initial part of the path just turns the missile
onto the intercept trajectory. Finally, there is a very slight dip
in altitude during the flight.

MflX INFO: O PRO NRV:

Filter Performance
In this section, the performance of the extended Kalman

filter along the maximum information (max-info) path is
compared with that along the proportional-navigation (pro-
nav) path. The intent is to show that, for filter problems with
nonlinear dynamics and/or measurements, the performance
of the filter should be a major consideration in the design of
guidance laws.

For a given trajectory, measurements are created every 0.02
s, which is the filter sample time. This is done by adding to the
true azimuth and elevation [see Eq. (8)] zero-mean white
noise with noise variance 50(a/R2 + b) where R is the true
range and where a,b are defined in Eq. (18). By using a
prescribed trajectory to form the noisy measurements, the
performance of the filter is studied independently of the
guidance law.

The physical model on which the filter is based has been
presented in Eqs. (3)-(9). It is assumed that the measurements
of missile acceleration are perfect. However, accelerometers
can only measure aerodynamic accelerations (due to drag, lift,
and thrust) so that the missile acceleration components in Eq.
(3) are given by

MX ~ MX ' ^MY~MY> ^ M% ~ A. M% * S \^ *)

where the bar denotes "aerodynamic" and g = 32.2 ft/s2. The
target maneuver time constant is chosen to be X= 1. For the
first part of this study, the process noise associated with the
target model is assumed to be zero because the maximum
information performance criterion is based on zero process
noise. However, later in the study, filter performance will be
evaluated with process noise present. Finally, the
measurement noise variance is calculated where R = R
= [XR + YR + ZR]'/2 where the hat denotes estimates from the
EKF.

The performance of the filter is measured in terms of
tracking errors. These errors are the range error, the range-
rate error, and the target acceleration error defined as
follows:
Range error = [ (XR -XR )2 + ( YR - YR )2 + (ZR - ZR )2 ] l/>

Range-rate error

Target acceleration error
0.20 0.40 0.60

NORMflLIZED TIME
Fig. 6 Range error history.

)2-+(AT-AT)2]»
(22)

MflX INFO: O PRO NflV: MflX INFO: O PRO NflV:

o
0:2

00 0.20 0.40 0.60
NORMflLIZED TIME

0.80
(T/TF)

0.20 0.40 0.60
NORMflLIZED TIME

Fig. 7 Range-rate error history. Fig. 8 Target acceleration error history.
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MRX INFO: O PRO I : X MRX INFO: O PRO NRV:

"tjoo 0.20 0.40 0.60
NORMRLIZED TIME

Fig. 9 Range error history, initial range error = + 500 ft. Fig. 11 Range error history, o2 = 10

MRX INFO: O PRO NRV: MRX INFO: CD PRO NRV:

o
*§

" T J O O 0.20 0.40 0.60 0.80
NORMRLIZED TIME (T/TF)

0.20 0.40 0.60
NORMRLIZED TIME

Fig. 10 Range-rate error history, initial range error = + 500 ft. Fig. 12 Range error history, Q= 10,000 ft2 /s5.

The errors are plotted vs a normalized time, t/tf, where tf is
the final time. All of the results presented here are the
averages of 10 Monte Carlo runs. The runs are made, and the
results of each sample time are averaged. To have a scale
small enough to see the results, it has been necessary to
eliminate the last three points from each curve. These points
are not important because they are within times-to-go which
are much smaller than the time constant of a typical autopilot
and therefore would not have any effect on guidance ac-
curacy.

For the first set of filter runs, the initial filter statistics are
those presented in Table 2. The variances for the relative
position and relative velocity are representative of
measurements made with a good radar. The variances for the
target acceleration components are based on a standard
deviation of 5g. Figures 6-8 present the range, range-rate, and
target acceleration tracking errors for the max-info path and
the pro-nav path. It is seen that all three errors for the max-
info path increase during the first one-third of the trajectory
and then steadily go to zero over the last two-thirds of the
path. For the pro-nav trajectory, the range and range-rate
errors increase with time and show no sign of converging. On
the other hand, the target acceleration error decreases with

time, but it never goes to zero. Initially, the pro-nav path
seems to lead to smaller tracking errors than the max-info
path. However, if the errors are plotted vs time rather than
normalized time, the initial error histories would be similar.
In conclusion, the max-info path enables the filter to track the
target, whereas the same is not true for the pro-nav path.

Figures 9 and 10 show the effect of a + 500-ft error in the
relative position component XR. The acceleration profile is
similar to Fig. 8. The filter uses an initial range of 3500 ft
instead of 3000 ft. The conclusions reached from these figures
are the same as those for the figures with no errors. The max-
info path enables the filter to converge to the true results,
whereas the pro-nav path causes the filter to diverge on range
and range-rate and converge to the wrong result in target
acceleration. The results are the same when there are initial
biases in velocity or acceleration.

In order to show the effect of improved measurements, the
Monte Carlo runs have been made with a and b in the
measurement covariance reduced two orders of magnitude.
Written in terms of the standard deviation, this means that
(j2 = l O ^ ' a , , where a, is the original standard deviation and
o2 is the standard deviation of the improved measurements.
The results for range error are presented in Fig. 11 for the case
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where the init ial value of XR is 500 ft greater than the true
value. The first observation from these figures is that the
improved measurements allow the filter to converge along the
pro-nav path, whereas before it diverged for the range.
Second, with the exception of the target acceleration error, the
maximum value of the tracking error for the max-info path is
about one-half what it was for the original measurements.
Finally, the max-info path enables the filter to converge
sooner with better measurements than before.

The previous results have been obtained for the case where
the process noise in the filter model is zero. Since process
noise is present in the assumed model for the target ac-
celeration, some filter results were obtained for two levels of
process noise, that is, process noise with a power spectral
density of Q= 100 ftVs5 and that with Q= 10,000 ft2/s5.

Conclusions
An information performance criterion has been proposed

for computing missile trajectories which enhances the ability
of an onboard guidance filter to estimate the state. Noisy
measurements are created along the max-info and pro-nav
paths by adding zero-mean white noise to the true azimuth
and elevation. These measurements are processed by an
extended Kalman filter to determine the effect of the
trajectory on the performance of the filter. Monte Carlo runs
have been made for no process noise, a given measurement
covariance, and no errors in the initial state estimates. Then,
in sequence, errors have been introduced in the state
estimates; the measurement covariance has been reduced; and
process noise has been introduced. In all cases, the max-info
path enables the filter to perform better than it does along the
pro-nav path. In fact, the pro-nav path leads to filter
divergence in most cases. This demonstrates clearly the need
to develop homing missile guidance laws for passive seekers
which are based partly upon estimation performance. The
information performance criterion developed here is suf-
ficiently simple so as to form the basis for guidance law
development without the usual separation assumption.
Variations of this criterion, such as the average information

obtained by dividing by the flight time, might have additional
advantages.

Finally, although the trajectory shown took approximately
1300 s of computation time on the UT Cyber 170/750,
techniques and simplifications are being considered which
may allow onboard computations.
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